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Abstract 

A semi-classical non-Hamiltonian model of a spontaneous collapse of 
unstable quantum system is given. The time evolution of the system be¬ 
comes non-Hamiltonian at random instants of transition of pure states to 
reduced ones, rj i—> Crj, given by a contraction C. The counting trajec¬ 
tories are assumed to satisfy the Poisson law. A unitary dilation of the 
concractive stochastic dynamics is found. In particular, in the limit of 
frequent detection corresponding to the large number limit we obtain the 
Ito-Schrodinger stochastic unitary evolution for the pure state of unstable 
quantum system providing a new stochastic version of the quantum Zeno 
effect. 


1 Introduction and summary 

The decay process is by its nature discontinuous and takes place at random 
instants of time. Nevertheless, some authors succeeded in describing quantum 
unstable systems by considering “smoothed” time evolution of unstable systems 
in the dynamical semigroup approach. 

The use of one parameter contracting semigroup in a Hilbert space ID-Ill 
for the description of the dynamics of unstable quantum system S generalizes 
the law of exponential decay saying that the number of particles in a given 
state which have not decayed up to t is an exponential function of time; n{t) = 
n(0) exp[—At], A > 0 t > 0. Let R be a Hilbert space of S, let '0(0) G R 
denotes an initial (pure) state of 5. It is assumed that for any t > 0 the state 
of S is given by formula 

0(t) = (1.1) 
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where the family {V{t), t > 0} of bounded operators on Ti. satisfies the fol¬ 
lowing conditions: (a) ||y(f)|| < 1, t > 0, (b) 1^(0) = 7, (c) V{ti+t 2 ) = 
V{ti)V{t 2 ), , ^2 > 0, (d) the map t^V{t) is strongly continuous. 

The state CD is normalized to the probability p{t) = ||'0(t)|j of finding the 
system undecayed at t, moreover p(t) monotonically decreases as the semigroup 
is contracting. 

By virtue of Sz-Nagy theorem there is a unitary dilation of the dynamics 
V(t) on the Hilbert space K. — H(B 1C, where K. denotes the Hilbert space of the 
products of the decay. 

Let us assume that the decay of the state of the unstable quantum system 
S is represented by completely positive map X : T{Ti.) Tiji.) of the form 


Ip[t) = Cp{t)C*, C*C < I, 


( 1 . 2 ) 


where I is the identity operator in 77, the Hilbert space of S. Then the time 
evolution of the mixed state of the system in question is given by strongly 
continuous contracting semigroup with the generator of the form laiHi 



= -i[H,p\t)\+\{X-l)p\t), 


(1.3) 


where H denotes the hamiltonian of the unstable quantum system S, and A > 0 


is the decay ratio. The mixed state p^{t) satisfying the dynamical evolution 
equation CD is normalized to the survival probability Xx p^{t) for which 


ATrp^(t) = i:^[{C*C-I)p\t)\ < 0. 


(1.4) 


In Sect. 2 we give a semi-classical non-Hamiltonian model of spontaneous 
collapse of an unstable quantum system. The Hamiltonian time-evolution of the 
system becomes non-Hamiltonian at random instants of transitions rj i—> Crj of 
pure states to reduced ones, given by the contraction C. It is assumed that the 
counting trajectories, consisted of instants of occurrences of the collapse, are 
distributed according to the Poisson law. We find the time-development of the 
classical state propagator Vj in 77 in the form of Ito stochastic equation with 
respect to the classical Poisson process. Consequently, we obtain nonmixing 
Ito stochastic equations for pure (resp. mixed) states of the unstable quantum 
system S. It is shown that the averaged density matrix corresponding to the 
statistical mixture of collapsed states satisfies eq. Assuming that each 

collapse ry i-^- Cp slightly changes the state oi S {I — C = R with bounded R 
satisfying for large A the condition R*R < X{R -f R*) ) we find the contracting 
semigroup equation resulting from the stochastic dynamics in the large number 
limit A —> oo. 

In Sect. 3 we give the quantum stochastic representation Vt of the classical 
stochastic propagator VtmHa.s an operator-valued process in the Hilbert space 
Ti.® T, where T = F+{L^{R+)) is the Bose Fock space over the single-particle 
space of square-integrable complex functions on R_|_. To this end we employ the 
generating functional method described in this section. 
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As a unitary dilation of a causal contractive cocycle Vt in Ti cannot in gen¬ 
eral be obtained from a causal unitary stochastic cocycle Ut in the same Hilbert 
space 7i, it is impossible to find a Hamiltonian semiclassical dynamics giving 
the contractive stochastic dynamics of the unstable quantum system as the re¬ 
duced one. Therefore, we consider the unitary dilation of the contraction C in 
an extended Hilbert space 0 C^, the latter can be interpreted as the Hilbert 
space of “quantum meter” detecting the death or life of the unstable particle. 
The unitary dilation of the contractive stochastic cocycle Vt, cf. [ 5 ], is then 
realized as a causal unitary cocycle Ut in a Hilbert tensor product 0 IF,, 
where = 1F+(C^ 0 L^(]R+)), the Bose Fock space over one particle space 

0 L^(]R+), Sect. 4. We consider two cases of the unitary dilation (4.1) S 
of C in Ft (g) C^: (a) with S in the form of Hermitian block-matrix (4.3-4), 
(b) non-Hermitian unitary block matrix (4.22). In case (a) we find the QSDE 
for the unitary evolution in Ft 0 F", with respect to the quantum stochastic Pois¬ 
son matrix process of intensity A. In case (b) we find the limit (as A ^ oo) of the 
unitary evolution using the generating functional method described in Sect. 3. 
The limiting unitary evolution in Ft 0 F", has the form of the diffusion QSDE 
with respect to the field momentum process being quantum stochastic represen¬ 
tation of the standard Wiener process Wt in the Fock space of the representation 
of the Poisson process. Hence, we obtain (in the representation in which the 
momentum process is diagonal) that the dilation of the weakly random contrac¬ 
tive process with the rate A —> oo is described by the Ito-Schrodinger equation 
for the pure state (in Ft) of the unstable system. The obtained result provides a 
new stochastic version of the quantum Zeno effect uniEi, the limiting dynamics 
becomes reversible as the reductions of decaying amplitude can be compensated 
by the field fluctuations. 

However, while in this paper we do not stress the problem of the Markovian 
dynamics of a continuously observed (in time) quantum system (the state of 
which undergoes the collapse), we would like to mention that this important 
problem of quantum mechanics has been solved in the framework of quantum 
stochastic calculus, cf. iniiisoinooiiDii and the literature quoted therein. 

2 A stochastic model for an unstable quantum 
system 

Now we define a stochastic phenomenological model of spontaneous collapse of 
an unstable quantum system. It is described as a semiclassical non-Hamiltonian 
system with a Hilbert space Ft of pure quantum states ry G Ft, together with a 
classical probability space of sequences uj = {ti, t 2 , ■ ■ ■} U M+ of the random 
time instants ti < t 2 < ... of some events (reductions, transitions), which can 
demolish eventually the quantum system. We shall assume that the sequences 
uj G fl are a priori distributed according to the Poisson law, given for each 
t G R+ by the “input” probability measure on the measurable subsets of 
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finite subsequences w* = w fl [ 0 , t) as 

Pt^iduj) = A"e“^‘dtidt2 ■ • ■ • ■ . (2.1) 

Here nt{uj) = is the random number of the events up to time t, A > 0 is 
the intensity of the stationary Poisson process 1 1 —> nt, i.e. the average number 
of the events per unit of time. The probability of n events, on each interval 
[r , r + t), is given by the Poissonian distribution 

p^n) = J I P,\dLo) = ( 2 . 2 ) 

r<ti< ... <tn<t-\-r 

independently of r e K+. 

Each event t G uj results in an instantaneous change (collapse) p i—*■ Cp of 
the state of the quantum system, mapping a normalized state p G H, || ?7 |P= 
{p\p) = 1 to the reduced state Cp with the survival probability 1. 

This change satisfies quantum superposition principle i.e. it is described by a 
linear contraction C : Ti, ^ H, C*C < I. The case C'*C' = / of isometric C 
corresponds to a stable (in the positive direction of time) quantum stochastic 
evolution, with the survival probability one for each state p GTL. 

If we assume that the quantum system between the reductions is conservative 
and Hamiltonian, then the nonmixing stochastic evolution p Xti^) of the 
initial quantum normalized states p to the pure states Xti^) G H is defined by 
the measurable maps Xt ^ as 

Xt = Vtp, (2.3) 


where 

Vtiuj) = ... ^ ... ,t„). (2.4) 

Here {e“'^*, t G R+} is a strongly continuous group of unitary operators with 
a selfadjoint generator iJ (the hamiltonian of the quantum system in the units 
h = 1), and for each t < oo the product 12.411 is finite as nt(w) < oo with 
probability one. Hence, the stochastic propagator Vt{uj) is well-defined as a 
contraction in 7i, giving for each w S H the monotonically decreasing probability 
of the unstable particle at the time t, 

||x*(^)f = {V,{u.)p\V,{u.)p) < ||x.(^)P< 1, VrG[0,t). (2.5) 

Thus, the survival probability qt{uj) = ||xt(t^)|P is obtained as a positive de¬ 
creasing stochastic process with the initial value goi^o) = 1. Its expectation 
gives a deterministic monotonically decreasing process of the averaged survival 
probability 


= J qtiLu)Pt^{dLu) < q\r) < 1, Vr € [0, t) . (2.6) 
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The stochastic process qt{tj) defines quantum a posteriori states 01131 of the 
nondemolished quantum system by 


\\Xt{^)\\. Vw : qtiiv) ^ 0, (2.7) 

and the output statistics of the finite sequences w* C [0, t). The latter is given 
together with the probability of the survival event of the quantum system at the 
time t by the output probability measure Q^(dti;) = qt{uj)P^{du!), normalized 
to the probability q^{t). The averaged density matrix 

= J Pti^)PHdu;) = J , ( 2 - 8 ) 

corresponding to the statistical mixture of the collapsed states 

Pt(^) = Xt(w)Xt(w)* (2.9) 

by the time t satisfies equation lESJ 

= -i[H, p\t)] + \{Cp\t)C* - p\t)) , p^O) = . (2.10) 

Indeed, this equation can be resolved by the Dyson-von Neumann series [ 7 ] 

P^{t) = X! ■■■ ... ,t„)*e"^*dti ... dtn, 

0<ti<... <t„<t 

( 2 . 11 ) 

which for a = pr]* is the mean value of the stochastic density matrix Piiuj) with 
respect to the Poisson probability measure (lOl . Thus, the averaged dynamics 
a I—> p^{t) for the unstable system is continuous, contractive 

^Trp^(t) = Tr[{C*C-I)p\e)\ < 0, 

being normalized to the survival probability q^{t) = Trp^(t), and mixing. 
However, the nonmixing stochastic dynamics 


a ^ p^{ix}) = Vt{Lo)cjVt{ijj)* , ( 2 . 12 ) 

which can be studied in terms of Hilbert space propagators Vt{ijj) : H ^ H 
is discontinuous and cannot be defined by a differential evolution equation in 
an ordinary sense. Indeed, the stochastic propagator Vt{uj) is strongly right 
discontinuous at the points of the collapse t G uj, but it has strong limits at each 
t G R. It is strongly continuous from the left, satisfying the usual Schrodinger 
equation in terms of the left differentials d_Vt = Vt — Vt-dt = —iHVt. However, 
the Schrodinger equation does not recover the stochastic propagator Vt but only 
its nonstochastic unitary part e“‘^*. 
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The proper differential equation for Vt can be written as the stochastic equa¬ 
tion in Ito sense 

AVt{oj)+ \HVt(ijj)dt = (C —/)Vt(u;) dnt(w), Vb(w) = /. (2-13) 

Here dVt is forward or symmetric or any other increment of Vt but not the 
backward differential d_Vt for which d_nt(u;) = nt(ui) — nt-dt{^) = 0 for all 
w G H [dnt{io) = jwn [t—dt, t)| is zero as soon as dt < tn+i — tn for n = nt{u!)). 

To be definite, we shall always assume that dVt (and respectively drit) is 
the forward differential Vt+di — Vt and dnt{u;) = |a; n [t, t-|-dt)| is either zero (if 
t ^ w) or one (if < G w)) for a sufficiently small dt (dt < t„+i —1„ for n = nt{u})) ■ 
Thus the stochastic equation coincides with the Schrodinger equation at 

when there is no collapse, t ^ w, and dVt(a;) = (C — I)Vt{uj) at the points of 
collapse corresponding to the reduction Vt+o{^^) = CVt{uj) at t G w and dt —s- 0. 
One can prove that the stochastic equation has only one solution, lini . 

From and itOll one obtains the stochastic equation for the pure state Xt 

dXt(‘^) = -i-ffXt(w)dt-k(C'-/)xt(w)dnt(a;), = V ■ (2-14) 

The stochastic density matrix (E2II can also be obtained by iterations as the 
unique solution to the stochastic differential equation 

dpt = -'AH, Pt]>^t + {CptC* - pt)dnt, Pq{uj) = a. (2.15) 

Note, that this equation coinciding with the von Neumann equation, dpt/dt = 
—i[H, pj] at t ^ uj and with dp^ = Cp^C* — p^ at the points of the collapse 
Pt+o(w) = Cpt{ijj)C* , t G w, can be derived from the stochastic equation (12.1411 . 
Indeed, by virtue of the Ito differentiation formula applied to the product XtXt • 

d(XtX?) = dxt • Xt + Xt ■ dXt + dxt ' dxt (2-16) 

and the Ito multiplication table 

(dt)^ = 0, (drij)^ = drit, dritdt = 0 = dtdnt (2.17) 

one easily obtains (2.15). Then, the averaged mixing equation for p^ is obtained 
from 112.1511 by formal replacement drit with Adt corresponding to the averaged 
number = Xt for the Poisson process with the intensity A. 

The strongly continuous nonmixing evolution 


P\i) — 6 <76 , 

(2.18) 

K = iH + \{I-C) 

(2.19) 


corresponding to equation follows from (2.15) in the large number limit 

A —> oo of the stochastic evolution under the condition that each collapse p i—*■ 
Crj only slightly changes the state of the unstable system such that p — Cp 
is inversely proportional to A. Indeed, substituting in equations 112.Idt . 112.1511 
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/ — C by A where R satisfies the condition R*R < \{R + R*) for large A, 
we obtain 

dVt[i^) + {R\-^dnt{uj)+iHdt)Vt{uj) = 0. (2.20) 

As in the large number limit A~^nt(a;) converges to t with probability one, this 
dynamics becomes nonstochastic, satisfying the ordinary differential equation 

^V{t)+KVit) = 0, 1/(0)=/, (2.21) 

for V {t) = limA^oo Vt = with K =iH + R. It has a unique strongly continu¬ 
ous solution e“'^‘, which is a semigroup of contractions as K+K* = R+R* > 0. 
The corresponding nonmixing equation 

±p{t)+Kp{t)+p{t)K* = 0 (2.22) 

for nonstochastic density matrix p{t) = V{t)aV*{t) can be obtained in the limit 
A ^ oo from (2.10), or directly from Ito equation 12.1511 with C = I — \ ^R. 
This is not surprising as the large number limit coincides with its average, thus 
becoming nonmixing in this limit. 


3 A generating functional method and quantum 
stochastic representation 

A very convenient method of treating stochastic equations is based on studying 
the corresponding generating functional equations. The generating functional 
for a causal stochastic process obtained by solving a stochastic equation 

with respect to the Poisson process of the intensity A is defined as the averaged 
product Xt = Xt4: 


Xt(/) = ixi) ■■= j Xt{^)4{^)Pt{^^) ^ (3-1) 

where (w) is the stochastic exponent for the martingale process mt = rit — Xt, 
satisfying the stochastic equation 

X^/'^de{{u}) = f{t)e{{ui)dfntiuj), e^uj) = 1. (3.2) 


Here f{t) is a nonstochastic complex locally integrable test function such that 
|1 -I- X~^^^f{t)\ < 1 for all t. The solution to this stochastic equation can be 
written as 


(w) = exp[-A^/^ f f{r)dr] + ^ ^^V(?’)) , (3-3) 

^ rGuJt 
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where Wt = w H [0, i). The inverse transform Xt Xt be written in terms 
of the series of iterated stochastic integrals 


A 


-| r |/2 


ip{t) drriT '■= A 


—nj2 


ip{ri , ... , r„) dmr 


dmr 


n—0 


0<ri<... <rn<co 


(3.4) 

as Xt(^) = f ^ dm,-, where Xt(^i > • • ■ > ^n) are the functional deriva¬ 

tives of Xtif) with respect to /(ri), /(ra), ... , /(r„); 


Xt(ri, ... , r„) = (5"xt(/)/(5/(ri) ... Sf{r„)\f=o ■ (3-5) 


In particular, the stochastic exponent e® has the exponential generating 
functional 

sUf) = I e{iu:)eUco)Pt\du:) = 9ir)nr)^r (gg) 

such that ef{f) = £t{9)- Indeed, it follows from the multiplication formula for 
stochastic exponents. 


e/ef = £(+3eIo9{r)f{r)dr ^ 


(3.7) 


where 

fy = f + ^-^^^fg + 9 ( 3 . 8 ) 

and (ef'*'®) = I as it is easily seen in the explicit representation (Id. dll . Note that 
ef can be written in the form of the multiple integral ea as el = , 

g{ri) ... g{rn) dm^i ... dmr„ , ( 8 . 9 ) 

0<r‘i<... <rn<OQ 



where gt{r) = g{r), r <t and gt{r) = 0,r > t. This follows from ef (/) = £®‘ (/), 
where £®(/) = exp{/p°° g{r)f{r) dr} corresponds to the kernel 

£®(ri, ... , r„) = g{ri) . .. g(r„). (3.10) 

Note, that the Hilbert space Lp(r2) of complex random functions x{^) with 
|x(w)pP(dw) < oo is isomorphic to the Fock space of their transforms x 
with respect to the scalar product 


{v\x) = 




^)x{'rl , 


i)dri 


dr„ 


(3.11) 


n—0 


0<ri<... <rn<oo 


Thus, the generating functional can be written in terms of the scalar 

product (linni as follows 


A;t(5) = {4\Xt) = J 4ir)XtiT-)dT (3.12) 

TC[t,0) 
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for the tilde transform Id. 1011 of (Id.Oil and Xt- 

Let us now obtain a differential equation for the generating functional Xt of 
the stochastic process Xt^ satisfying the equation 112.1411 . By differentiating the 
pointwise product x{(w) = we obtain the stochastic equation 

dx{ + (A'/VW + ^H)x{ dt = (C(l + A-i/VW) - I)x{ dnt , (3.13) 

from iimii and by applying the Ito formula 

d{xt4) = dxt ■ e{ + Xt ■ de{ + dxt ■ de{ (3.14) 

= [iC-I)dnt-iHdt + X-^/^fit)dmt + {C-I)X-^^^fit)dnt]x{ ■ 

Thus, the generating functional Xtif) — iXt) satisfies the ordinary differen¬ 
tial equation 

^X,+iiLXt = {C-I){X-^/^f{t) + l)Xxt (3.15) 

with the initial condition Xo(/) = ^ for all /. The increment drit is replaced 
in 113.1511 by its average (dnt) = Adt because it does not depend on Xt- The 
solution to this equation can be written in terms of time ordered exponents 
Xt = exp[— Jg K^{r) dr]r] as follows 


Xt 


/ / 

0<ri<... <r„<t 


K^{rn) . ■ ■ K^{ri)r]dri ... dr, 


where 

K^{r) = X{I-C){I + X-^/^f{r)) + iH. 

Thus, the tilde transform Xt of ff*® stochastic function Xt is given by 
X,(ri, ... , r„) = e(’-"-'-)^(C -/)... - /)e-’'^^r;, 


(3.16) 


(3.17) 

(3.18) 


where K is given by formula Et??1i . 

It is particularly simple to obtain the large number limit in terms of the 
generating functional, one has Xtif) as A ^ oo under the condition 

A(/ — C) ^ R, since obviously K^(t) R+iH. 

It is well known m that the classical stochastic Poisson process riti^uj) has 
a quantum field representation Nt = rit in the Bosonic Fock space T over the 
single quantum space L^(M+) of square-integrable complex functions on R+ in 
terms of the basic quantum stochastic processes of number Aj, creation A^, 
and annihilation At on the interval [0, t). Let us also find the corresponding 
quantum stochastic representation for the stochastic process Xt satisfying the 
equation (EH- 

Realizing R as the space of square-integrable summable functions ip of the 
finite, ordered sequences r = (ri, ... , r„), ri < ... < Vn , 


IT’I 


OO p p 

= X! / / l 7 ^(»'i , • ■ • , »"n)pdri ... dr„ < OO , (3.19) 


0<ri<... <rn<oo 
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we can represent the canonical operator processes At, A^, At as 




/ Hr,r) 
Jo 


dr . 


r^T 


^Mr) 


\t\^p{t). (3.20) 


Here rit = |Tt| is the length of a subsequence ti, ... , tn^ < t oi the sequence 
r with > t, T \ r is the subsequence without an element r € t, and 

(p{T,r) = ip{T U r), where t U r is the ordered sequence with an additional 
element r ^ t. 

Now, one can define the operator-valued representation Mt = rht of the 
stochastic processes mt = nt — Xt by the sum 

Mt = At -l- ■\/A(At -l- At') . (3-21) 

Any regular quantum stochastic process Xt which is adapted with respect to 
the family of commuting selfadjoint operators {Mt, t G R+} in T is given by 
the series of iterated integrals 


Xt := 


,-n/2 


n—0 


X(ri 


^)dMr 


dMr. 


(3.22) 


0<ri<... <rn<t 


The map Xt ^ is one-to-one because the kernel Xt i^ is uniquely 

defined as the image Xt := Xt^p^ oi Xt = f x ( t ) dMr on the vacuum state 
= ^ 0 ^' (^Pq is equal to zero if n = |r| 7 ^ 0 and is equal to one if r = 0 ). 
If the kernel Xt is given by the functional derivatives (13.511 of the functional 
Xt, 113.2211 can be formally written as the normally ordered causal expression 
Xt = :xt{^~^^)' of fiio quantum field / = X~^Mt, where M is the generalized 
time derivative of The composition of the map Xt with the map 

Xt ^ Xt in (E3 defines an operator representation Xt Xt called the quantum 
stochastic representation of the process Xt- in particular, the Wick exponent 


= / n {9ir)/X^/^)dMr = n 

rC[0.t) "e" 


defined as the unique solution to the operator differential equation 

X^/^dWi = f(t)w/dMt, Wl = 1 , 


(3.23) 


(3.24) 


in terms of forward differentials dMt = Mt+dt — Mt, is the quantum stochastic 
integral representation lES of the solution to the stochastic differential equation 
(Tra with the tilde transform e{ (r) = W/(pQ. It has the operator multiplication 


W/Wt = exp{ / f{r)g{r)dr} 


(3.25) 


representing the stochastic multiplication 113.(ill . and can be formally written as 

t 

the normally ordered exponent of g{r) dM{r) having the Wick symbol 
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13. till . From this it follows that 

{Wt^(folXtipo) = {Wt\o\Xt(po) = (efixt) = MS), (3-26) 

where Xt i® generating functional of a causal stochastic process with the 
tilde transform Xt- Thus the generating functional (^/) = ((Pq|x/(/3q), defined 
for the operator integral Xt = Xt s-® f^e vacuum expectation of the commuting 
products xl = XtW/, coincides with the generating functional for the classical 
stochastic process (lO) . This also proves the statistical equivalence of the clas¬ 
sical process Xt f^e quantum process Xt = Xt, having the kernel Xt = 
as the tilde transform of Xt- 

Now, we can define a quantum stochastic representation Vt of classical 
stochastic propagator Vt(a;) in Ti. as an operator-valued process acting in the 
Hilbert product Ti. J- hy the quantum stochastic differential equation 

dHt + iHVt dt = {C- I)Vt diV*, % = I®1, (3.27) 

where the operators H and C act in as H^l and C0l, and Nt = Mt+Xtl. 

The tilde transform Vt(r) of Vt(uj) is the kernel for the process Vt, and 
the generating functional Vt coincides with the vacuum conditional expectation 
Vt(f) = FqV/Fq for V/ = Vt{I ® W/), given by the isometry For] = ij (p^ 
of the Hilbert space Ti, toTi ® F. It satisfies the ordinary differential equation 
(ITT^ for each ij G H a.s Xt = 

^Vt + iHVt = {C-I){X-^/^f{t) + l)XVt (3.28) 

at 

with the initial condition Vo(/) = I for fol /■ 

4 A unitary dilation of the contractive stochas¬ 
tic dynamics 

A unitary dilation of a causal contractive cocycle Vt(w) in Ti. (|^, cf. also 
m) cannot in general be obtained from a causal unitary stochastic cocycle 
UtipJ^ ) 1 ^^) in the same Hilbert space Ti by fixing = uj and averaging over 
additional degrees of randomness G (This is not correct unless like in 
our paper only classical randomness is considered.) Even a single contraction C 
might not be represented as a classical mean SkXk of a random unitaries Sk 
with some probabilities Xk > 0, Afe = 1. This makes it impossible to find a 
Hamiltonian semiclassical dynamics giving the contractive stochastic dynamics 
of an unstable quantum system as a result of a reduced description. However, it 
can be obtained from a unitary operator S in an extended Hilbert space Ti®K, 
as a block-matrix element 

C = {I®eYS{I®eo), II e||=l=|| eo II . (4.1) 
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Such a dilation describes the contraction C by the probability amplitudes 


{r]®e\S{r]Q®eo)) = {T]\Cr]a) 


(4.2) 


of the unitary transitions 0 eo ^ 0 e in 0 /C, given by the fixed unital 

vectors eo, e G 1C, as the probability amplitudes of the contractive transitions 
rjQ ^ rj. The unitary dilation S of the contraction C can always be built in the 
Hilbert space Ti®TL with the help of two dimensional space /C = by realizing 
S' as a Hermitian block-matrix 


S = 



qO* _ cO cl* _ qO cO* _ cl cl* _ cl 

*^0 ~ *^0 ’ *^0 ~ *^1 ’ *^1 ~ 


(4.3) 


with the transition elements Sg = C, = C* and 

SS = -(/-C'*C)^/^ Si = {I-CC*y/‘^. (4.4) 

The unitarity S~^ = S* of 14.211 simply follows from CSg -I- SjC = 0, SqC* + 
C*Sl = 0. We can interpret the unit basic vectors eo,ei G JC as the eigen¬ 
states of a quantum meter detecting the death or life of the unstable particle, 
correspondingly. In the case CC* = / of coisometric C the unitary operator S 
describes a transition of the input particle-meter states rj 0 eo, eo = (Sq) to a 
superposition of the alive states = Crj, corresponding to the vector ei = (5^), 
and the dead states tjq = —rj^, where rj^ = rj — vj' is the orthogonal projection 
to rf = C*Cr]. But the alive states r] ® ei transit only to the states C*ri ® cq 
corresponding to the exiting of the particle from the detector. Thus, for realiza¬ 
tion (lOl with the input “vacuum” vector eg, the output vector e in 63 is the 
vector Cl corresponding to the detection of the unstable particle. The described 
unitary dilation of the contraction C suggests a unitary dilation of the contrac¬ 
tive stochastic cocycle Vt in the quantum-mechanical sense. It should be given 
by a causal unitary cocycle Ut in a Hilbert tensor product Ti.® T, with respect 
to a free evolution unitary group T( in the additional space T, of an external 
quantum field, such that 


F;{io)UtF^X = ytW)xl^). ytGR+, ojGQ. (4.5) 

Here {Ft)^^^ are isometries H ® P^) —> H® F, given as Ft{r] ® e®) = 

rj ® (fif by a correspondence e® tpf of the exponential test functions 13.911 of 
the Hilbert subspaces LS{CI, P^) and their representations tpf G F, such that 


\Wir = j \e^{u:)\^P\du:) =\Wl\\\ Vt G R+. (4.6) 

As follows from |^, a good candidate for F, is the Bosonic Fock space over 
the tensor product JC ® ) of two dimensional JC = and the space of 

square-integrable functions on R+ such that F, is the Hilbert product Fq ® F\ 
of two copies of the Fock space F isometric to the probabilistic space T^(H, P^) 
for the Poisson process on ]R_|_. Realizing F, as the space of square-integrable 
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tensor-functions i^(t) G of the finite sequences r = {ri, ... , r„} C R+, 

ri < r 2 < ... < Tn, we shall define the isometries Ft by the tilde transform 
(Id.1011 of e® € F^) as 

Ft(77 (g) e®)(T) = ?7 (g) (g) , (4.7) 

where e, cq S /C are unital 2-vectors, and |rt| = r H [0, t), T[t = r n [t, oo). The 
adjoint transform F/ : (g iF, —> (g) P^) can be written as Xti^) — 

Ft{io){ri g (f) in terms of r/ g |v5(t)), where g as the 

stochastic multiple integral; 

Xti^) = J |(/3 (t)) dm,-. (4.8) 

Here we used the canonical decomposition F, = T,t ® P%[t to the Fock spaces 
over the orthogonal subspaces of square-integrable vector functions /* = (/^) 
on [0,t) and [t,oo), respectively. The tensor multipliers F,t are increasingly 
embedded into F, as F,t C F,s Vs > t by F^t 3 Ft Fi •g’ Fo; where Fo(®’) = 
I'^ft I 

* is the vacuum normalized function of the space F\^f 
The Hilbert space Tit = of 7f-valued stochastic causal functions 

Xti^^) with the finite covariance 

II Xt f = / II Xt(^) f Pt\du;) = II X, f < oo (4.9) 

is causally represented by the initial isometry Fq in the space H g F,t and thus 
in g F, by the tilde transform FoXt = {I^ ef)xtj where e® is the embedding 
of Ft into Ftt, 

{I ® ef){ri ® ^Pt) = r] ® ^Ptef , iptcf {t) = ipt{T)ef''\ (4.10) 

given by the tensor powers of the unit vector eo € C^. This representation is an 
isometry, 

||Fox,f = ||(/ge®)x*f = ||Xtf (4.11) 

due to the unitarity of the tilde transform x X- Th® adjoint co-isometry 
FJ : g F, ^ g F maps the localized kernels G g F,t to the stochastic 
causal functions Xt(^) = given as the stochastic multiple integrals (Id. 411 

with the kernels Xt = ® 

Xt(ri , ... , r„) = (7 g ef”) , ... , r„). (4.12) 

Now we can describe the Markov quantum stochastic model of the unitary 
dilation (IT^ . which has been found in for the general CP flows over the 
algebra H(77) of all bounded operators in 77. 

Let us assume that the contraction C is dilated as in 63 to a unitary 
operator S' in 77 g /C, say, of the form (14.211 and take eg = (^g), e = (jJ) = ei. 
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We shall define the unitary evolution [/* in 0 iF, by the quantum stochastic 
differential equation (QSDE) in the sense of m as 

dUt + iHUtdt = {Sl-I6l)UtdN^{t), Uq = I <»1, (4.13) 

where Nl{t) is the quantum stochastic Poisson matrix process of intensity A 
given by the canonical integrators in T as 

Nl{t) = A^t) + + <5(,A+(f)) + (4.14) 

In the eigenrepresentation of the number process N = Nq+N^ of total quantum 
number, the unitary solution to 63 can be written similarly to itnil as 

= X (t-X- ■■■■ Sl\ {t2 - ti)e-‘^‘^ , (4.15) 

where Sl{t) = n = nt{ijj), and w = {<i, ^ 2 , • ■ •} are the counting 

points for the total number process A^ up to t with the finite numbers nt{u)) = 
\u) n [0, t)\. We shall also define the isometries Ft as (/ 0 Jt)Fo, where Jt is a 
partial isometry given by the solution to QSDE 

dJt = {ee*o-S)lJtdX{t), Jo = l, (4.16) 

where e = ei if the unitary matrix S is taken in the form (4.3), (4.4). The 
equation BIB has the explicit solution 

J^{uj) = (ee*)®'""*'(g) , (4.17) 

where WtUwjt has a finite uJt = wH [0, t). Note that the family of orthoprojectors 
It = JtJt ^ that is 

Itito) = (4.18) 

satisfying 

dlt = iee*-S)lItdXit), /o=/®T, (4.19) 

is decreasing. It < 7^, Vt > r G R+, describing the survival events for the 
detection of an unstable quantum particle by the time t G Obviously, Ut 
dilates the stochastic evolution as Vt(a;) = t7t(w)o;;;o coincides with (2.4) if 
C = Sq. Hence, the unitary evolution Utipo of the initial state ipQ = T^oX with 
any y G 77 0 7v^(H, P^) defines the amplitude ipt = {I® Jt)Ut'4’o normalized to 
the averaged survival probability (2.6) 

Utf= (c/*V'oi(/o/t)w =\\F:utFt,xr = \\vtxr = (4.20) 

Here we used the adaptedness of the solution Ut in the sense 

Utir]® e'§e^){T) = [/((r? 0 e^e®(rt) 0 e®''^“'e®(T[t), (4.21) 

due to which (7 0 Jt)UtFo = FtUtFo. 


14 


Let us also prove the dilation formula 14.511 using the generating functional 
method described in the Sec. 3, and find the limit of the unitary evolution as 
A —> oo and C = I — R. To do so it is more convenient to use another 
dilation, given by e = eg and the equation with non-Hermitian unitary 

block matrix 

s e (-) 

We should find an equation for the coherent matrix elements 

poo 

Ut{9\r) = exp{ (g-(r)|/-(r))dr} (4.23) 

^0 

and compare it with the equation 13.281) for Vt{g+f) = Vt{g, /), where 


Vt{g, f ) 


Je3(oj)Vt{oj)e-f{uj)P^{duj)/ exp { j g{r)f{r)dr} 

J (uj) Pt^iduj) / exp{^ 9 ir)fir)dr} 

Vt{9+f). 


Here we used the multiplication formula (1X71) and the independence of ef^^Vt 
and where ( /[t(r) = /(r) if r > t, /[t(r) = 0 if r < t). 

The equation for Ut{g*, /*) can be obtained by the substitution of the in¬ 
dependent increments dN^{t) for the number process (4.14) in (4.13) by their 
coherent matrix elements 


{f\t)g.{t) + + XS’^S°)dtl, 

where gi = g'’. Thus we obtain the ordinary differential equation 

jUt{r.r)^^HUt{r,r)= ( 4 . 24 ) 

[g,{t){S-U)lf\t) + \^/\g.{t){S-I5)l + {S-I5)lf\t)) + {Sl-I)\]Ut{r,r). 

If gi = 5^^g, = SqJ corresponding to the embeddings g* = geo, /* = /cq, this 

equation indeed coincides with the equation lIXXl : 

^Vt(g, f)+iHVt{g, /) 

= [m{C - I) fit) + -I) + iC- I) fit)) + iC- /)A] Vtig, f) 

= iC- I){X-^/\g+f )it) + l)XVtig, f) ■ 

Here Vtig,f) = UtigS', fS') as 

7 00 

gir)fir)dr} = if\Utigeo, feo)v) 
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in the case Ft = i^o corresponding to e = bq. 

Now, substituting C by I — X~^R in and taking into account that 


5 = 


I 0 
0 / 


+A 


- 1/2 


0 


-(R + R*y/2 0 ^vO W ’ 

(4.25) 

let us find the limiting equation 14.2411 as A —> oo. The right hand side of 14.2411 

_/ 2 • • 

up to the term of the order A ' is written then as 

(0(A-1/2) + _ R)Ut{r. /•) , 


giving to the equation 

/•) + (i? + ii7)C/0(5*, /•) = (i? + ii*)'/Vo(5-, 

(4.26) 

for the limiting Ut{g*, /*) = limv^oo Ut{g*, /*). Equation 14.2611 corresponds 
to the diffusion QSDE 

dU° + {R + iH)U°dt = {R + R*Y^^U°{dAl-dAt), = I , (4.27) 


for the limiting unitary Markovian evolution, dilating the limiting nonstochastic 
contractive evolution HT7TI for — liniA^oo Vt- It is driven by the momentum 
process 

Pt = i{A+-A\_){t) = wt (4.28) 

which is the quantum stochastic representation of the standard Wiener pro¬ 
cess Wt in the Fock space Fi, the copy of the original Fock space Fq for the 
representation Nq = nt of the Poisson process nt{uj). 

Thus, the quantum stochastic unitary evolution for the unstable particle 
dilating the process of weakly random contractions C = I — X~^R due to fre¬ 
quent detection of the particle at random times with the rate A —*■ oo becomes 
classically stochastic. The time-evolution of its pure state is described by the 
Ito-Schrodinger equation 

d'tp'i + {R + ^H)tP°dt = i{R + R*Y^^i;°^wt (4.29) 

for ipt{uji) = Ut{u}i)g. Here wi is an elementary event of the standard Wiener 
probability space (Hi, Pi), H = H* is a selfadjoint operator, and P -|- P* > 0 
is the rate operator for the contraction semigroup e“^‘, K = P-|-iP. 

Eq. provides a new dynamical formulation of the quantum Zeno effect 

nnmn. The limiting dynamics becomes reversible (invertible) as the reduc¬ 
tions of the increasing rate and decreasing amplitude can be compensated by 
field fluctuations given by the momentum process. Let us stress that the large 
number limit of the unitary dilation of the contractive stochastic dynam¬ 

ics remains stochastic. To our knowledge, the stochastic dynamics has not been 
obtained so far, in a similar context. 
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